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ABSTRACT 
The general physical processes are considered which determine the 
i n t e n s i t i e s  of infrared emission l i nes  resul t ing from magnetic dipole 
t rans i t ions  between f i n e  s t ructure  l eve l s  i n  cer ta in  abundant ions. Methods 
f o r  calculat ing the ionization equilibrium from data on o p t i c a l  l i n e  intensi-  
t i es  are developed. Radiative recombination i s  t rea ted  i n  some detai l  and 
general  r e s u l t s  a r e  given for averaged recombination Gaunt factors .  
rad ia t ive  recombination l i n e  i n t e n s i t i e s  are computed. 
tum defect  method, some additional important co l l i s ion  strengths are calculated. 
Estimtes of the infrared l i n e  spectra f o r  a nuxxber of planetar ies  are presented 
i n  a following paper. 
H e l i u m  
By means of the quan- 
, 
4 
I. INTRODUCTION 
Recently it has become c lear  that a large amount of the radiat ion 
emitted from i n t e r s t e l l a r  H I 1  regions i s  i n  the form of  far infrared l i n e  
radiat ion.  The infrared emission l i n e s  r e s u l t  from t r ans i t i ons  between 
the d i f f e ren t  J- levels  of  the  ground s t a t e  terms of ions with 
3pn 
2pn and 
configurations; these f i n e  s t ructure  s p l i t t i n g s  are usual ly  about 
AE - 0.01 - 0.1 eV. The important t r ans i t i ons  are a l l  of the magnetic 
dipole type with A J  = k 1; quadrupik t r ans i t i ons  f o r  which &T = 21, 22 
are much weaker. 
magnetic dipole i o t e n s i t i e s  at  a waveleogth 
- where a i s  the  Bohr radius and a i s  the f ine  s t ruc ture  constant. 
The pr inc ipa l  mechanism f o r  the exci ta t ion of upper f ine  s t ructure  leve ls  i s  
For example, the r a t i o  of allowed quadrupole t o  allowed 
- 15P i s  I /I - ( a o / a h  )* 
4 m  
0 
i n e l a s t i c  e lectron col l is ions;  the l eve l s  are e a s i l y  excited by t h i s  process, 
s ince for typ ica l  i n t e r s t e l l a r  H I 1  regions and nebulae the  incident e lectron 
- kTe - 1 eV >> AE. Ee energies are 
Some preliminary investigations (Gould 1966) have shown tha t  one can 
expect t o  observe these infrared l i n e s  from planetary nebulae and a program 
,F. C. G i l l e t t  and, 
t o  carry out  such observations has now been s t a r t e d  by,(W. A. S te in  of the 
University of California, San Diego and F. J. Low of the University of Arizona. 
It i s  because of these planned observations that the present work w a s  under- 
taken. 
observations, the  expected in t ens i t i e s  of the observable inf ra red  l i n e  
spectrum of the br ightes t  planetar ies .  The r e su l t s  of these calculations 
are given i n  the following paper (11). 
these inf ra red  l i n e s  does not appear t o  have been generally realized. In  a d d i t i o n  
t o  providing information on the general s t ruc ture  of planetar ies ,  valuable 
Our a i m  i s  t o  calculate,  on the  bas i s  of data  obtained from op t i ca l  
The usef’ulness of observations of 
- 2 -  
information on element abundances could be obtained from measurements of 
in f ra red  l i n e  in t ens i t i e s .  This i s  especial ly  so since elements are found 
i n  severa l  stages of ionizat ion i n  p lanetar ies ,  and i n  some cases it i s  
d i f f i c u l t  i f  not  inpossible t o  measure the abux laces  of cer ta in  ions by 
observing opt ica l  spectra. An example i s  the  ion Ne which has no low-lying 
op t i ca l  l eve l s  (and so no electron co l l i s ion  induced forbidden op t i ca l  l i n e s )  
but which has a low-lying f ine  s t ructure  l e v e l  and an associated observable 
inf ra red  l i n e .  Moreover, we should l i k e  t o  emphasize that generally the 
atomic parameters (cross sect ion o r  co l l i s ion  s t rength and rad ia t ive  t r ans i -  
t i o n  probabi l i ty)  can be calculated more accurately f o r  t r ans i t i ons  between 
f i n e  s t ruc ture  l eve l s  than f o r  t rans i t ions  between op t i ca l  levels .  This i s  
because there e x i s t s  a general method, the  so-called Quantum Defect Method 
(OM, see Sect. 111), which can be applied very w e l l  t o  co l l i s iona l  exci ta-  
t i o n  of f i n e  s t ructure  levels,  even though the energies (- 1 e V )  of the  
incident e lectrons are smll  compared t o  the energies (- 10 e V )  of the atomic 
electrons.  Also, the  radiative t r ans i t i on  probabi l i ty  can be computed very 
e a s i l y  a d  a c a r a t e l y  f o r  -mmgnetiC dipole t r ans i t i ons  between f ine  s t ruc ture  
l eve l s  (Sect. 111). 
the inf ra red  l i n e  production ra te  on assumed electron temperature i s  much 
weaker than f o r  op t i ca l  l i n e  production. 
processesarewell understood and accurate element abundances could be derived 
from accurate measurements of infrared l i n e  in t ens i t i e s .  
+ 
Finally,  it should be mentioned that the dependence of 
Thus, the  exc i ta t ion  and emission 
In most cases co l l i s iona l  ( ra ther  than rad ia t ive)  de-excitation of  
upper f i n e  s t ruc ture  l e v e l s  can be neglected, so t h a t  the rate of production 
of in f ra red  photons from t rans i t ions  i n  an ion 
t o  the volume in t eg ra l  of the product nine, where ne i s  the electron 
density. Since the product n n of the proton and electron d e n s i t i t i e s  
- i i s  e s sen t i a l ly  proportional 
P e  
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, 
integrated over the volume of the  ionized region of the  planetary nebula 
can be found from, say, the  absolute HB flux, the problem of calculat ing 
the  f lux  Ji i n  an infrared l i n e  from t h e  ion i i s  e s sen t i a l ly  one of 
determining t'ne mean abwdance b./- ) 
- 
of the i o n  r e l s t i v e  t o  ionized = "P 
hydrogen. The general problem of the  ionizat ion equilibrium ( o r  steady 
state) i n  planetar ies  i s  considered i n  the following sect ion (11); i n  t h i s  
sect ion we a l so  consider some .related problems of more general i n t e r e s t  
such as the problem of determining the temperatures of cent ra l  stars i n  
planetar ies .  
helium abundance. 
We a lso  give some general results applicable t o  the problem of the 
The las t  section (111) of t h i s  paper i s  devoted t o  the  
problem of l e v e l  population of fine s t ruc ture  states. In this sect ion the 
bas i c  in f ra red  exc i ta t ion  processes are treated i n  some d e t a i l  and r e su l t s  
are given of calculations of important associated atomic parameters. 
While we shall go i n t o  d e t a i l  on ce r t a in  problems, we have not t r i e d  
t o  make improved determinations o f  general element abundances, although 
this could be done by making full use of a l l  the  recent photoelectr ic  
observztlo;lal data. It i s  o w  h q e  t h a t  t h i s  can be done much b e t t e r  when 
the  inf ra red  observations a re  completed. 
We concentrate our a t ten t ion  on the  calculat ion of the expected inten- 
PaPe r 
s i t i es  of 11 inf rared  l i n e s  (see f o l l a w i n g  which, it appears, should be 
observable from below the atmosphere because of the 7-14P, 17-2kF and other  
"Windows" a t  shor te r  wavelengths. The 9 ions involved are 0 IV, Ne 11, Ne V, 
M g  IV, S 111, S IV, A 111, A V, and A VI. 
- 4 -  
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11. IOJYIZATION EQJILIBRIUM 
c 
I n  t h i s  section we consider some of the basic atomic processes which 
determine the ionization structure of planetary nebulae. We have found the 
two excellent reviews by Seaton (1960) and Osterbrock (1964) very useful  i n  
our work. 
col lect ion of papers' assembled by Menzeg. 
Most of the older work on planetary nebulae m y  be found i n  the 
( 1962 1 
Recent work on this problem has 
It i s  unfortunate that this 'compilation did not include any of the older 
papers by Seaton and Spi tzer  and t h e i r  collaborators which we shall be 
re fer r ing  to .  
been done by Hummer and Seaton (1963, 1964), Hummer (1963), Harmon and Seaton 
(1966) and Seaton (1966). 
photoionization by uv radiation from the cent ra l  star of the planetary 
Ionization equilibrium re su l t s  from a balance of 
and radiat ive capture. Thus, i t  is  determined by the loca l  e lectron density 
n and the e f fec t ive  temperature To and d i lu t ion  fac tor  W of the s t e l l a r  
radiat ion f i e ld .  
e 
Our general aim here i s  t o  out l ine methods of determining 
( e s sen t i a l ly  semi-emperically) the mean ionizat ion of cer ta in  elements on 
the bas i s  of observations of the ionization of other elements ( fo r  example 
oxygen and helium fo r  which there a re  usually extensive data). 
a)  Photoionization 
-1 Consider the r a t e  constants ( i n  sec ) YA and YB f o r  photoion- 
i za t ion  of the species A and B (ionization energies: IA and 5) a t  a given 
point i n  a planetary nebula, assumed opt ica l ly  th in  t o  the ionizing radia- 
t ion.  If the temperature of the radiat ion f i e l d  i s  To and the radiat ion 
i s  a di luted blackbody f i e l d  we have, i f  
Gould and Pottasch 1963, hereinafter referred t o  a s  "BGP"; Gould 1966) 
IA/kTo , IB/kTo >> 1, (see Burbidge, 
- 5 -  
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. 
where 0 and OB a re  the threshold photoionization cross sections. The 
pr inc ipa l  assumption here i s  t h a t  a s ingle  temperature characterizes the 
A 
spec t r a l  (blackbody) shape of the radiat ion f i e l d .  The model atmosphere cal-  
(1965) 
culations of Bdhm and Deinzerl(have shown that the deviations from a blackbody 
d is t r ibu t ion  can,,large f o r  photon energies grea te r  than the  HeII-Ly edge 
(54.4 eV). However as long as one i s  not applying equation (1) when I and A 
Ig a re  on opposite s ides  of t h i s  edge, the e r ro r  involved should not be very 
great .  
be 
O f  course, r e su l t s  of employing the expression (1) should be most 
accurate i f  
minimal. 
I A w  IB , since then the e r ro r  due to  the uncertainty i n  To i s  
In pa r t  (d)  of t h i s  section we shall out l ine methods f o r  the deter-  
mination of T from opt ica l  l ine  in t ens i ty  data. 
0 
An essen t i a l  quantity required f o r  these r e l a t ive  ionization calcula- 
t ions  i s  the threshold photoionization cross section which i n  some cases, 
namely f o r  ionized species, cannot be determined experimentally. Unfortunately, 
photoionization cross sections are very hard t o  calculate, due t o  the osc i l l a -  
to ry  nature of the integrand i n  the associated "bound-free" matrix element. 
Nevertheless, a number of cdcula t ions  of photoionization cross sections 
have been made f o r  complex ions. Results of these calculations a re  s m a r i z e d  
by Seaton (1958) ; an addi t ional  compilation including some experimental r e su l t s  
has been given by Dichtburn and OpikA. 
(1962) 
We have computed some addi t ional  
threshold photoionization cross sections by the quantum defect method as 
developed by Burgess and Seaton (1960). For these calculations we have 
employed the improved calculations of Peach (1966) and get  
1, 0.2, 10, 2, 4, 0.8 x 
0 = 0.1, 20, 
Z 
+ cm f o r  z = Mg , S', S+2, Sf3, A+, A+2, A'3, A'4 
- 6 -  
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respectively.  The e s sen t i a l  idea i n  the method i s  t o  r e l a t e  the phase 
i n  the wave function of the ejected electron t o  the extrapolated value P’(0) 
(pr inc ipa l  quantum number n -, 05) of the quantum defects  i n  the per t inent  
n L se r i e s  of the bound levels  of the species before ionization. 9f 
course, f o r  some ions, espec ia l ly  the highly ionized species, very l i t t l e  
2Sti 
data  e x i s t s  on the high atomic energy levels ,  and the extrapolated quantum 
defects  cannot be determined accurately. Moreover, as Burgess and Seaton 
have emphasized, i n  some cases the calculated value of the cross sect ion 
depends strongly on the  adopted value of P‘(0). This i s  so i n  a l l  of the 
above cases when (5 i s  s d l ;  therefore, these values are inaccurate and -2 
could e a s i l y  be of f  by a f ac to r  of three, i n  our  opinion. In  a l l  cases we 
have quoted only one s igni f icant  f igure f o r  (5 . This r e f l e c t s  our general 
skepticism of - a l l  calculations of photoionization cross sect ions f o r  complex 
Z 
ions.  
b )  Radiative recombination 
We consider f irst  the case of recombination of purely hydrogenic 
ions a + ( z )  of charge z: a +( z )  + e  -‘a +(z-l! + y ( y  : photon). %e EZX- 
ber  of these recombinations per  cm 3 per  second i n t o  l eve l s  of pr inc ipa l  quan- 
tum number n (sunmation over o r b i t a l  and a z i m u t h a l  quantum numbers A and m 
i s  implied) i s  Cy n n , where n and nZ a r e  the  electron and a +(.) n,z e z e 
number dens i t ies  respectively and Q i s  the recombination coeff ic ient .  
n, z 
For an electron gas of temperature Q i s  given by (c f .  BGP, Spi tzer  Te ’ n,z 
194.8 1 
= Bohr radius),  
aO 
-3/2 2 a = 2.105 x cm2 (CY = 1/137; here A = 2 3 
0 
2 - 2  2 y = z IH/kTe = z Be , vn(y) i s  the  transcendental  f’unction 
- 7 -  
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We use the notation of BGP; note t h a t  therein the exponent of (-x) i n  eq. 
(A4b) should be r instead o f  r-1. 
and i s  an effective’ Gaunt fac tor ,  averaged over and over the 
e 
ve loc i ty  d i s t r ibu t ion  of the incident e lectrons.  
Temperature averaged Gaunt fac tors  have been computed by Glasco and Zi r in  
(1964). 
purposes. 
temperature averaged hydrogenic Gaunt fac tors  are m c t i o n s  of Te/z (Gaunt 
fac tors  are equal f o r  equal values of 
However, we have found t h e i r  t ab l e s  t o  be inadequate f o r  our general 
We require recombination coeff ic ients  f o r  z up t o  4 and since 
2 
2 T ~ / Z  ), a l i t t l e  r e f l ec t ion  reveals 
Thereforej the temperature averaged Gaunt f ac to r  f o r  an ion z may be found 
by taking the  value f o r  hydrogen (z=1) at a temperature Te/z2 (not  z Te as 
Glasco and Zi r in  say).  
2 
It would be very useful  i f  the  Glasco-Zirin tab les  were 
extended t o  lower temperatures. 
The recombination rate i s  e s sen t i a l ly  proportional t o  the  mean value o f  
l /ve , the  reciprocal  of the incident e lectron velocity.  
f ac to r  i s  a slowly varying m c t i o n  of e lectron energy we have approximated 
the temperature average by the value o f  the Gaunt f ac to r  a t  the e f fec t ive  
energy 
Since the  Gaunt 
corresponding t o  t h i s  v : Ee ff  e 
- 8 -  
, 
Y (1961 1 
We have taken the Gaunt fac tors  from Karzas and Lat ted.  Comparison with 
some of the Glasco-Zirin tables  indicates t ha t  t h i s  procedure should be 
accurate t o  b e t t e r  than l$. 
I n  a number of instances we require the t o t a l  recombination rate t o  
a l l  levels ,  say, n > k . For t h i s  recombination rate constant we w r i t e  
here 
n=k 
and the last f ac to r  i n  equation (6) i s  an appropriately averaged (over n) 
Gaunt factor .  
the  'pn which have the asymptotic expansion (BGP) 
Clearly the  weighting f ac to r s  i n  t h i s  fu r the r  avenging  are 
(8) 2 cpn(y> + (1 - n / Y  + * * * ) / n  -
also,  
Moreover, for large n, (p,(y) i s  small (" n'l) ;/most of the  contribution t o  
the  t o t a l  recombination rate (6) comes from n z / y  = /Bez 
Thus we take 
(by eq. C81). 
We give values o f  this quantity fo r  Te = 0.5, 1.0, and 2.0 x lo4 OK i n  Table 1; 
a t  these temperatures /y = 62, 42, and 32 respectively.  For the values en- 
closed i n  parentheses i n  t h i s  table, the sum (9) consisted of only one term. 
- 9 -  
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The function (p(k)(y) may be found from the tabula t ion  of Spi tzer  
(1948, wherein i t  i s  denoted by o r  i n  some cases from the ana ly t ic  
formula derived by BGP. By the general procedures outlined here the recom- 
binat ion rates can be calculated t o  an accuracy of b e t t e r  than 1% which i s  
a t  least as good as other  methods devised such as that of Seaton (1959). 
addition, our method would seem t o  have more general usef'ulness. 
the  calculations could be made. even more accurately if  Sp i t ze r ' s  (1948) 
tab les  were computed t o  one more s igni f icant  f igure  and i f  the  Glasco-Zirin 
t ab le s  were extended. 
Vk(y)) 
In  
Perhaps 
+ Y  +(4 + e d a  + (z-1) For the radiat ive recombination of complex ions a 
+(=I) in i n  which the pr incipal  quantum number of the outer  e lectrons of 
the ground s t a t e  i s  k we take a hydrogenic approximation f o r  the rad ia t ive  
capture rate. 
replaced by (see Elwert 1954, Tucker and Gould 1966). 
a 
That is, we take an expression of the  form (6) with cp ( g  ) 
- 
here 5,  i s  the number of holes i n  the k-shel l  of a . The averaged E ' s  
may be taken from Table 1 and from Karzas and Latter (1961). 
recombination rates by t h i s  procedure a re  probably accurate t o  about 20%. 
-
Calculations of 
c )  Hydrogen and Helium Recombination Spectrum 
The recombination spectrum of atomic hydrogen has been computed by 
Burgess (1958) and more recently and accurately by Pengelly (1964). 
treatments only radiat ive processes are considered; e f f e c t s  of co l l i s iona l  
t r ans i t i ons  have been investigated by Pengelly and Seaton (1964) and a r e  
found t o  be of minor importance except f o r  very high leve ls .  
capture-cascade equations Pengelly has calculated the rate o f  emission of 
In  these 
By solving the  
- 10 - 
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energy per cm3 i n  the form of the Balmer l i nes .  
expression f o r  mis emission as  a function of temperature is, f o r  a Balmer 
Hn l ine ,  
A convenient analyt ic  
1 -- 
I(H:n + 2) = n n E = n n e p n  e p A n T e  hnBe , 
where 
densi t ies ,  and the A a re  constants. BGP have shown tha t  t h i s  one-parameter 
(A  ) f i t  should give the  approximte temperature dependence of t h i s  l i n e  
emission rate. Actually, on comparison with Pengelly's calculations of the 
Be = IH/kTe , ne and n are the electron and proton (ionized hydrogen) 
p. 
n 
n 
HB emission we f i nd  that, t o  the accuracy of h i s  calculations,  the  form (11) 
gives exactly h i s  computed r a t i o  of emission a t  2 x 10 K t o  emission a t  
1 x lo4 OK. 
describe very accurately the  temperature,(of emission. 
Pengelly 's  calculations f o r  "case B" (Lyman l i n e s  opt ica l ly  thick, the l i k e l y  
state i n  planetar ies)  a t  10 
erg-cm'-(O~)2-sec , and A, = 1.290 x 1 0 - ~ 3 ,  
Ab = 0.115 x 
4 0  
n u s ,  cer ta in ly  for H B  emission, we expect equation (11) t o  
dependence 
By comparison with 
A$ = 0.449 x 1 0 - ~ 3  4 0  K we derive the values 
-1 -23 
1 -
A.. = 0.209 x 10 , 
23 i n  the same 
Y 
A, = 0.071 x 10 -23 , As = 0.047 x 10- 
un i t s  . 
For the calculat ion of  l i n e  i n t e n s i t i e s  resu l t ing  from capture t o  and 
cascade i n  H e 1  we take a hydrogenic approximation fo r  the excited l eve l  
s t ruc ture  of H e 1  i n  pr incipal  quantum number. 
hydrogeni c 
Using the def in i t ion  of the 
(c f .  Pengelly 1964) which give measures of the nh l eve l  bna - 
population, we can w r i t e ,  i n  the hydrogenic approximation, 3 
This procedure i s  s l i g h t l y  d i f fe ren t  from t h a t  of Seaton (1960) who cal-  
culates  the photon production rate  o r  "effective recombination coeff ic ient"  
i n  t h i s  manner and then computes the  l i n e  in t ens i ty  using the  exact wave- 
lengths of the helium l ines .  
- L')  
2s+1 + ' 2s+1 I(He1: n n 
I(H: n -, n ' )  
. 
bnL(2L+l) A(n,L -, n ', L ') 2s+1 
T a-1 n ' - l  2 2 bnL (2L+1) A(n ,L  -, n', L')  
L=O L'=o 
I n  equation (12) the b ' s  are the hydrogenic values computed by Pengelly (1964); 
the A ' s ,  the  radiat ive t rans i t ion  probabi l i t i es  per  un i t  t i m e ,  can be found 
from the  hydrogenic dipole matrix elements tabulated by Green, Rush, and 
Chandler (1957). 
(see eq. 111 1) 
The H e 1  recombination l i n e  i n t e n s i t i e s  can be wri t ten 
I ( H e 1 :  i + j )  = n n E e He+ i j  ? 
-26 -1 where we find, f o r  example, E = 5.18 x 10 erg-cm3-sec a t  Te = lo4 OK i s  
3 f o r  the l i n e  Ak471: k3D + 2 P. W e  give i n  Table 2 t he  r e l a t ive  i n t e n s i t i e s  
of o ther  strong helium t r i p l e t  l i n e s  calculated i n  the  same manner along with 
a calculation of the A10829 l i n e  in tens i ty ;  the  calculations a r e  f o r  T = 
10 K and the dependence on temperature should be very weak. The )\10829: 
2 P '2 S l i n e  in t ens i ty  is computed by calculat ing the t o t a l  rate of popula- 
t i on  of the 2 P level ,  since t h i s  l eve l  depopulates only by t r ans i t i on  t o  
2 S. We compute t h i s  by including the  e f f e c t s  of d i r e c t  radiat ive capture t o  
2 P and cascade t rans i t ions  from n S and n D with n > 3; this cascade 
population of 2 P i s  computed i n  the hydrogenic approximation as i n  equation 
(12). 
with which the agreement i s  f a i r l y  good except f o r  the A7065 l ine .  In  t h i s  
e 
4 0  
3 3 
3 
3 
3 3 3 
3 
The r e s u l t s  given i n  Table 2 are compared W i t h  those of Pottasch (1962) 
case our  r e su l t  seems t o  agree generally bet ter  with the  recent observations 
O f  O ' J k l l  (1963). while there  seems t o  be wide var ia t ions (of ten amounting 
- 12 - 
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. 
t o  a fac tor  - 2 )  among planetar ies  i n  the observational helium l i n e  r a t i o s  
(which i s  hard t o  understand theoret ical ly ,  unless it is  due t o  co l l i s iona l  
processes) the  calculated in tens i ty  r a t io s  i n  Table 2 a r e  i n  overa l l  agree- 
ment with the observations with the exception of Perhaps f o r  this 
infrared l i n e  the atmospheric extinction corrections are very c r i t i c a l ;  
O'Dell's (1963) observations of NGC 6543, 6826, 7027, 7662, and I C  418 give 
in t ens i ty  r a t io s  of 2.3, 6.3, 41, 47, and 42 respectively f o r  the i n t e n s i t y  
r a t i o  bo8291 Qh71. 
klO829. 
Our main inceres t  i n  the  observations of the  helium recombination spectrum 
i s  i n  the information it provides on the helium ionizat ion s t ructure  (and thus 
the  general ionizat ion s t ruc ture)  of the  planetary and i n  the  appl icat ion t o  
t h e  determination of the cent ra l  star temperature of the planetary. 
these problems it i s  necessary t o  determine the r e l a t ive  amount of doubly- 
ionized helium. 
spectra  and i n  pa r t i cu la r  from a measurement of the in t ens i ty  of the  strong 
l i n e  
For 
This can be done from an analysis  of the He11 recombination 
M86 HeII:4 4 3. 
1.58 x 
The energy emitted per  cm3 i n  t h i s  l i n e  i s  n n 
erg-cm3-sec 
e ~e+2'43 
-1 at Te = lo4 OK as calculated by 
with 2 3  = 
Pengelly (1964). 
helium re l a t ive  t o  ionized hydrogen i n  planetar ies .  
calculat ions a t  lo4  OK we f ind  
This allows the determination of the  abundance of ionized 
Using the  r e su l t s  of 
4 
There seems t o  be a ra ther  large discrepancy i n  the  coeff ic ient  of the rela- 4 
t i o n  (14) determining nHe+2/n& 
(1966). 
by Harmon and Seaton. The fac t  t h a t  t h e i r  calculations a re  f o r  Te = 1.5  x lo4  OK 
cannot explain the  discrepancy. 
and the  value given by Harmon and Seaton 
Our number i s  based on Pengelly 's  calculations which were a l s o  c i t ed  
Needless t o  say, we have checked our r e su l t .  
4 
Note that it i s  not the average 
rDfGI;6) 
r e l a t ive  abundances He+/H+ and He+2/Ht 
which are determined i n  this manner but  the  r a t i o  of the average abundances 
weighted by the  l o c a l  e lectron density. Thus i n  a planetary i n  which there 
are la rge  density var ia t ions the t o t a l  ionized helium t o  hydrogen r a t i o  cannot 
be determined accurately.  
d )  Central S t a r  Temperature 
The ef fec t ive  temperature of the radiat ion f i e l d  at a given point 
i n  a planetary nebula i s  an essent ia l  parameter which determines the ioniza- 
t i o n  conditions therein.  This is  so e s sen t i a l ly  because of the exponential 
dependence [see eq. (1) 1 of the  photoionization rate on temperature. Deter- 
~ i m t i o n s  of the temperatures T of cen t ra l  stars of a number of planetary 
nebulae have been made recent ly  by O'Dell (1963'13) and by Harmon and Seaton (1966). 
The bas ic  methods involved i n  these determinations are due o r ig ina l ly  t o  
0 
Zanstra (1931, 1960) and the  essent ia l  idea i s  the following: (1) the  
apparent magnitude o r  in tens i ty  of t he  s t e l l a r  emission continuum a t  some 
pa r t i cu la r  wavelength o r  wavelength band i s  compared with the in t ens i ty  of  
some pa r t i cu la r  l i n e  of, say, the hydrogen recombination spectrum, o r  (2)  
the  in t ens i ty  of a hydrogen recombination l i n e  i s  compared with t h e  in t ens i ty  
of a l i n e  of, say, t he  recombination spectrum of neut ra l  helium. The point  
i s  that theiproduction r a t e  of t he  recombination l i n e  i s  d i r e c t l y  r e l a t ed  t o  
the  t o t a l  recombination rate which i n  turn  i s  equal t o  the  t o t a l  number of 
t o t a l  
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photons emitted per second from the central  star with energy grea te r  than 
the  ionizat ion energy of the recombined species. Thus, the  r a t io  of the  
observed quant i t ies  i n  both method (1) and (2)  a r e  independent of the distance 
t o  the planetary and of the radius of the cent ra l  star. For the determination 
of the  cent ra l  star temperature we have employed the  second method (2), since 
f o r  some planetar ies ,  f o r  example NGC 7027, the cent ra l  star has not been 
ident i f ied .  
cen t r a l  star are absorbed i n  the  nebula we can wri te  
On the assumption tha t  a l l  the ionizing photons emitted by the  
where the  average i s  over the volume of the ionized matter, the  a ' s  are 
the  recombination coef f ic ien ts  and the N . ' s  are the number of photons 
emitted per  second by the  central  star which ionize the  species. W e  make 
the  assumption that a f r ac t ion  (p of the H-ionizing photons from the  star 
are absorbed i n  the  gas and an ident ica l  f m c t i o n  (Ip) of the  He-ionizing and 
He+-ionizing photons a re  absorbed. 
surround the cen t r a l  star t h i s  f rac t ion  i s  not always unity(see Harmon and 
Seaton 1966). 
g rea t e r  than 4Ry are absorbed only by He+, and photons of energy between 
1.807Ry and 4Ry and between 1Ry and 1 . 8 0 7 ~ ~  a r e  absorbed by He and H respec- 
t i ve ly .  
of  atomic hydrogen by photons from the 2 S '1 S two-photon emission con- 
tinuum i n  He. A s  a resu l t ,  about 60% (see Hummer and Seaton 196;) of the 
photons which ionfze He-atoms r e su l t  i n  recombination and cascade photons 
which ionize H-atoms. 
1 
Since the  nebula of ten does not completely 
Further, we assume, i n  a l l  cases, t h a t  photons of energy 
The ionizat ion problem i s  complicated by the  e f f e c t  of t h e  ionizat ion 
1 1 
Similarly, some of  the 2s - Is continuum of He' ionizes 
- 15 - 
l a s t  
He. 
compared t o  the He-ionizing s t e l l a r  photons i s  small since 
i s  approximately proportional t o  
assume t h i s  number i s  always small, so t h a t  
However, we neglect t h i s l e f f e c t ;  the r e l a t i v e  number of these photons 
Ni(He+)/Ni(He) 
(usually) 
exp[-(4-1.807)Ry/kTo 1 << 11. Thus we 
where 
9 
, x = IZ/kTo . z 
The function Fi can be found from the  "Debye 
Abromowitz and Stegun (1965). These r e l a t i o n s  
equations of the form (15) where the  l e f t  -hand 
the  observed l i n e  r a t i o s  as i n  equation (14).  
function" tabulated by 
can then be subst i tuted i n t o  
side can be detemined f r o m  
I n  the calculation of the 
recombination coeff ic ients  w e  count only captures t o  excited states, assuming 
the  photons from d i r e c t  capture t o  t h e  ground state j u s t  ionize other  atoms 
of the same species. 4 0  By equation (6) we f ind,  a t  Te = 10 K, 9 = %e+ = 
g(2) = 2.52 x 1 0 - ~ 3  cm3 sec-', a = = 1.50 x cm3 sec-l. 
He+2 
We s h a l l  apply these relations t o  the determination of T o ' s  i n  the follow- 
ing paper. We might mention here that the exact value of 'p , the  f rac t ion  of 
t he  ionizing photons t h a t  are absorbed i n  the nebula, does not come i n  t o  the 
analysis  i f  it is t he  same for the ionizat ion of H, He , and He . For t h i s  + + 
- 16 - 
reason the method m y  be superior t o  t h a t  of O'Dell and Harmon and Seaton 
(op .c i t . )  i n  which the method (1) i s  employed. We shall compare our r e s u l t s  
f o r  T with the i r s .  
c! 
The recent work by B8hm and Deinzer (1965) who computed the  spec t r a l  
d i s t r ibu t ion  of the stellar radiation f i e l d  from model cent ra l  stars of 
planetary nebulae must be mentioned. Eased on model atmosphere calculations,  
they found appreciable deviation from a blackbody form, espec ia l ly  beyond 
h W  = 4Ry a t  which they found (for  a star of To = lo5 OK) a reduction of about 
an order of magnitude i n  t h e  spectral  emission; t h i s  i s  due t o  absorption by 
He i n  the  stellar atmosphere. We have not corrected f o r  t h i s  e f f ec t .  As a + 
result, temperatures determined from H e 1 1  recombination l i n e  i n t e n s i t i e s  may 
be on the high side.  
111. LEVEL POPULATION AND LINE EMISSION 
a) Level Population 
3 The energy emitted per  cm per  second from a t r ans i t i on  from state 
i t o  state j i n  &torn 6, i s  - 
I(a:i -, j )  = n A. . ( E ~  - E ~ )  a i  ij 
where E; and E; are the  corresponding 
L 
levels ,  Aij  i s  
and n i s  the a i  
s idered here are 
c ia ted  A can 
i j  
J 
the  rad ia t ive  t r ans i t i on  
? 
energies of the  f i n e  s t ruc ture  
probabi l i ty  per  un i t  t i m e  f o r  i -, j 
number of atoms per  cm3 i n  the  s t a t e  i. 
of the magnetic dipole type with 4J = 1, and the  asso- 
be computed eas i ly  from the general  formula derived by 
The t r ans i t i ons  con- 
Shortley (1940) f o r  LS coupling conditions. 
t o  be calculated; i t  can be found by wri t ing down t h e  condition f o r  a steady state 
(Seaton 1960) : 
The n (a) i s  then the quant i ty  i 
the  number of ( c o l l i s i o n a l  and rad ia t ive)  t r ans i t i ons  
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. 
L 
t o  l e v e l  i from a l l  other  levels  i s  equal t o  the number of t r ans i t i ons  - 
from t h i s  leve l .  L e t  wi denote the f r ac t iona l  population of l eve l  i 
and Pik the t r a n s i t i o n  probabili ty per uni t  time f o r  - -  i 'k . Here 
- 
'ik ne%k i- Aik , 
where n i s  the electron density, qk = (0 v ) i s  the electron c o l l i -  
s iona l  r a t e  constant, and the radiat ive t r a n s i t i o n  probabi l i ty  A i s  zero 
i f  % > Ei . 
e i k  e 
i k  
Then the  steady state condition i s  
k k i 
By de ta i led  balance g ik  and %i are related by 
where the w ' s  are the  degeneracies (2J + 1) of the levels .  In our applica- 
t i o n  we constder only transitions vithir?  the same o p t i c a l  term which i s  always 
the ground state term. 
term i s  e i t h e r  two (J = - , z) 
(denoted here by 1 an8 2)  
l eve l s  withi El < E2 
The t o t a l  number o f  f i n e  s t ructure  l e v e l s  within t h i s  
1 3  o r  three (J = 0, 1, 2) .  I n  the case of two 
equation (20) i s  simply 
which approaches neq12/A21 and ( 'U2/Wl) expC(E2 - El)/kTe 1 i n  the low and 
high density l i m i t  respectively. 
expressions are much more complicated. 
the r e l a t i v e  population number approaches the equilibrium value 
For the case of three l eve l s  the spec i f i c  
However, i n  the high density l i m i t  
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. 
e 
+ Wiexp(-Ei/kTe) Wiexp(-Ei/kTe) . In  our case where radiat ive de- 
wi & 
exci ta t ion  i s  predominantly by magnetic dipole emission with 4T = 1, 
radia t ive  t rans i t ions  are t o  the leve l  d i r ec t ly  below since always 
(o r  the  reverse). 
EJ <EJ+l 
Then i f  the levels  are ordered according t o  t h e i r  energy, 
we can write i n  the low density l i m i t  where co l l i s iona l  deexcitation i s  
negl igible  and where the  ground statdpredominantly populated 
i s  
m 
I(a:i * j) + nenao(Ei - Ej)  2 sk , (low density) 
k=i 
here o denotes the ground s t a t e  and m the  highest f i ne  s t ructure  leve l .  
That is, every co l l i s iona l  exci ta t ion t o  a l e v e l  higher than i produces, 
i n  the cascade, -an i * j photon. On the  other  hand, at  high dens i t ies  
here naT = 1 nai i s  the t o t a l  density of the atom a . It should.be noted 
.l I 
that i n  the low density l i m i t  the emission per  unit volume.goes as the square 
of the density while a t  high densi t ies  it is  proportional t o  the density. The 
can be wri t ten i n  a convenient form i f  the % co l l i s iona l  rate constant 
co l l i s ion  s t rength %J is  defined, where, i n  terms of the  electron co l l i -  
s ion cross sect ion 0 1 3  ' 
(25) 
2 
CJ i j  = qj/wi(P/*) 9 
where p i s  the  momentum of the incident electron. Then, on the  assumption 
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. 
that 0 i s  independent of the energy of the incident electron, one finds, 
on in tegra t ing  over a hxwe l l i an  electron veloci ty  dis t r ibut ion,  f o r  deexcita- 
i j  
t i o n  (Ei > E ), 3 
where C = ( 2 d k )  h2m-3/2 = 8.63 x cm3 sec'1(oK)1/2 ; exci ta t ion rates 
can then be found f r o m  equation (21). Calculation of oij i s  most e a s i l y  9Ji 
performed with the help of the qwntum defect method discussed i n  pa r t  (b )  of 
t h i s  section. 
As i l l u s t r a t i v e  examples of the electron density dependence of the popula- 
t i o n  of f ine  s t ructure  leve ls  we give i n  Figure l a  and lb the r e su l t s  of cal-  
culations of the-population of fine s t ructure  leve ls  i n  the ground s t a t e  terms 
of 0 I V  and S I11 . "here a r e  two l eve l s  (J = and 5) i n  the system 0 IV 
and. three l eve l s  (J = 0, 1, and 2) i n  S 111; t he  ground s t a t e s  of these species 
1 3 
are 0'3 : 2P 2P1/2 and S+* : 3p2 3P0 . These are examples of systems from 
which inf ra red  photons are emitted (see the following paper) and i l l u s t r a t e  
the  charac te r i s t ic  dens i t ies  where the  changeover occurs from the low t o  high 
densi ty  condition. 
tempemture Te = 10 K. We then p lo t  the  r e l a t ive  populations wi as a 
function of e lectron density. 
r e l a t i v e  population w 
The calculations were performed f o r  a gas with an electron 
4 0  
I n  Figure l a  f o r  0 IV we have p lo t ted  the 
of the upper (J = 5) 3 s t a t e ;  the population of t he  
3/2 
ground state is  j u s t  w . The dashed l i n e s  i n  the f igure denote 1/2 = - w3/2 
the populations i n  the low and high densi ty  l i m i t  o r  approximation; at  high 
dens i t ies  the  re la t ive  populations are the equilibrium values which are inde- 
pendent of density; i n  f ac t , fo r  the electron temperatures we consider, 
Ei/kTe << 1, and the high density l i m i t s  r e f l e c t  e s sen t i a l ly  the  r e l a t ive  
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degeneracies. 
dependence on density i s  more complicated; i n  fac t ,  the  r e l a t ive  population 
of the middle leve l  J = 1 shows a maxim at n M 8 x 10 cm . This 
e f f e c t  of a pile-up i n  t h i s  l eve l  occurs i n  other  ions besides 
results essent ia l ly  from the re la t ive ly  long l i fe t ime f o r  the  
rad ia t ive  t r ans i t i on  re la t ive  t o  that f o r  J = 2 '1. We show as the dashed 
l i n e s  i n  Fig. l b  a l so  the low and high density l i m i t s  t o  the r e l a t ive  popula- 
t i ons  wo, wl, and w2. 
For the case of the three leve ls  i n  S I11 (Fig. l b )  the  
3 -3 
e 
S I11 and 
J = 1 -, 0 
We should l i k e  t o  emphasize that, as Figures l a  and l b  
show, the charac te r i s t ic  densi t ies  a t  which the dependence on density i s  strong 
(o r  where co l l i s iona l  deexcitation i s  important) is, f o r  - some infrared l ines ,  
-10 that is, typ ica l  planetary nebula densi t ies .  This means that by 4 
in f ra red  observational methods of t h i s  type electron dens i t ies  could be deter-  
mined. 
b )  Collision Strengths - the &DM 
The l i n e  emission per  cm3 can be calculated from equations (18), (19) 
a d  (20) once the co l l i s ion  strengths 
known f o r  the elements involved. 
Ois 
Some of these co l l i s ion  strengths have been 
f o r  the i n e l a s t i c  processes are 
taken from calculation o r  estimates by Seaton (1958), Osterbrock (1965), and 
Blahs (1964). 
popular quantum defect method (cf. Seaton, loc. c i t . ) .  The bas is  of t h i s  
method i s  the f a c t  tha t  the partial-wave phase shift f o r  low-energy e l a s t i c  
electron-ion sca t te r ing  i s  equal, i n  the l i m i t  of zero electron energy, t o  
W'(E), where 
ion extrapolated through the ionization l i m i t  t o  posi t ive energies. 
practice,  the extrapolation from avai lable  l eve l  data may be d i f f i c u l t  o r  
impossible, and observed 
We have calculated those which were not available,  using the 
p'(E) i s  the quantum defect f o r  the  system of e lectron plus 
I n  
p'(-IEI) must be used. 
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It 
should be emphasized t h a t  the method as developed applies i n  the e l a s t i c  
l i m i t  i n  that the f ine  s t ructure  levels  of d i f fe ren t  J are  approximated 
as being degenerate. 
coef f ic ien t  of exp(2i6) i n  the p a r t i a l  wave cross section, implying equal i ty  
of the t o t a l  probabi l i ty  current for  the incident and scat tered electron. 
Because of t h i s  inherent approximation the method should not be va l id  f o r  
very slow col l is ions,  say f o r  a thermal gas where kTe 5 43, where & i s  
-1 eV >> 43; however, one the l eve l  separation. 
would be l ed  t o  question the application of the r e su l t  of the method t o  the  
This i s  a l so  assumed i n  se t t i ng  equal t o  unity the 
kTe For our application 
calculat ion of co l l i s iona l  cooling by t h i s  process i n  
kTe eV (cf .  Seaton 19558). 
HI regions where 
In  the QDM applied t o  scat ter ing the S-matrix f o r  sca t te r ing  from s t a t e s  
J -t J' i s  transformed by means of 
su i tab le  f o r  using the  quantum-defect-derived e l a s t i c  phase s h i f t s .  The 
procedure i s  described by Seaton (1958) and Osterbrock (1965). 
gives the results of our calculation. 
9-j coeff ic ients  t o  a representation 
Table 3 
1 3 The col l i s ion  strength f o r  the + - process i n  M g  I V  was cal-  2 
culated using the formulas given i n  Osterbrock (1965); note that i n  h i s  Lfs ,  
ITi should be read f o r  ai. The quantiun defects were derived from the lower, 
Russell-Saunders-like, levels  of M g  I11 (Moore, 1958). s, p, and d p a r t i a l  - -  - 
cross sections are calculated from the observed spectra and the contributions 
f o r  other  
radius kindly supplied by P. J. Kelly (pr ivate  communication). 
were estimated by the d is tor ted  wave method, using an atomic 
1 
2 The col l i s ion  strength f o r  the A V I  + - t r ans i t i on  was not cal-  
culated because there were too few quantum defects available.  
however, a member of the isoelectronic sequence t rea ted  by B l a h a  (1964); the 
This ion is, 
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. 
Vainshtein re la t ion  discussed by him can be used t o  estimte the A VI 
co l l i s ion  strength. O f  course, the value obtained is  only very approximate: 
As Blaha points out, the Vainshtein re la t ion  
w e l l  f o r  the  S i  I1 isoelectronic  sequence. 
does not seem t o  hold very 
Collision strengths f o r  the ions with three ground f ine  s t ructure  
l eve l s  were calculated as described above with the 9-j coeff ic ients  f o r  
J = 0 + 1, 1 -. 2, 0 + 2 t rans i t ions  (Smi s-, P- and a- 
wave quantum defects were available (Moore 1958) f o r  S I11 and A 111; other  
p a r t i a l  waves were estimated as described above using Hartree-Fock 
@d S t  
<r2> 
private  communicatio 
values (Czyzak 196Z?- The z s e  of A V was somewhat less satis- 
factory: 
was so important in the  other  two cases that the calculated A V r e su l t s  
d-waves were not available, and the contribution from the d-waves 
seemed suspect. This was so, especially, because the distorted-wave-tail 
(Seaton 1955b)contribution f o r  d-waves i s  large f o r  0 + 2 and 1 * 2 
t r ans i t i ons  and zero f o r  0 + 1. In the presence of this uncertainty, 
the calculated values f o r  1 + 2 and 0 * 2 were accepted as estimates 
and the other t rans i t ion ,  0 -.) 1, was scaled up from the S I11 resd-ts. 
From w h a t  we have j u s t  said, the d i f f i c u l t i e s  of applying the quantum defect 
method must be evident. For many ions, one i s  indeed fortunate t o  f ind  - one 
set of d-wave defects; the method, however, r ea l ly  requires an extrapolated 
value: 
the l imi t ing  quantum defects a r e  often s ignif icant ly  d i f f e ren t  from each 
other. 
development of a method which gives a t  least some information where there  
w a s  none before. 
quantum defects and then (as has happened) quote the resu l t ing  co l l i s ion  
strength t o  four s ignif icant  figures. 
i n  cases where such an extrapolation - i s possible, the i n i t i a l  and 
This comment should not be taken as ingrat i tude i n  the face of the 
Nevertheless, we think it i s  misleading t o  guess a t  d-wave 
This caveat appl ies  t o  our Table (3 ) :  
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& 
the A V and A V I  r e su l t s  are indicated as estimates, as discussed above. 
In addition, however, the other  calculated values are good only as long as 
the f-wave contributions a re  small (probably a good assumption Osterbmck 
1965) and as long as the  observed quantum defects f o r  low - n a re  close t o  the 
7- 
extrapolated defect. When phrased ju s t  as stated,  the last i s  a ra ther  poor 
assumption; however, there  may be a saving grace that only the differences 
between defects occur i n  the col l is ion strength: hopefully these differences 
a r e  somewhat less sensi t ive t o  extrapolation than the values themselves. A t  
any rate, we recommend caution i n  the use of the quantum defect method. 
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1 0.882 0.937 0.960 0 974 
2 0.893 0.938 0.956 0.966 
3 0.899 0.940 0.956 0.965 
4 0.905 0.944 0.958 0 967 
i 
TABLE 1. AVERAGED RECOMBINATION 
GAUNT FACTORS 
2 
3 
4 
0.885 0.934 0.954 0.967 
0.892 0.936 0.954 0.964 
0.897 0 939 0.954 0.964 
2 3 4 
1 
2 
3 
4 
0.878 0 947 (0.978) (1.008) 
0.883 0.937 0.960 0.975 
0.888 0.936 0.956 0.968 
0.893 0 9 938 0.956 0.966 
TABU 2. CALCULATED 
I Line 
A4026 : 53D + 2 3 P 
A5876 : 33D + 2 3 P 
A7065 : 3 s  3 ' 2 P  3
a 4 7 1  : 43D '23P 
U0829 : 2% + z3S 
for lo4 OK * 
He1 RECOMBINA'l 'lON LINE INTENSITY RATIOS 
Intensity Ratio 
Present Work Pottasch (1962) 
0.46 
1.00 
2.75 
1.77 
5 - 5 0  
0.53 
1.00 
2.80 
0.46 
4.01 
- 2 5 -  
TABLE 3. CALCULATED C O L L I S I O N  S T m N G T H S  
(See text f o r  discussion of  accuracy) 
ion 
M g  I V  
A V I  
s I11 
A I11 
A V  
J,J’ n /  
JJ 
0.31 
3 (estimated) 
2.1 
4.2 
0.7 
1.8 
4.3 
0.96 
3 (estimated) 
4 
2 
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FIGURE CAPTIONS 
3 of  the J = ‘i l eve l  i n  0 I V  as a 
function of e lectron density n for Te = 10 K. The l o w  and 
high density l i m i t  approximations t o  
l ines .  
4 0  
are  shown as dashed 
w3/2 Fig. la. Relative population 
e 
w3/2 
Fig. lb. Relative populations, of  the J = 0, 1, and 2 leve ls  i n  S I11 
as a function of electron density ne f o r  Te = 10 K. The 
low and high density approximations a re  shown as dashed l ines .  
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ABSTFACT 
Estimates a re  given on the basis of op t ica l  data, of the expected 
inf ra red  l i n e  in t ens i t i e s  from nine bright planetary nebulae (see Table 4) .  
There a re  a number of l i n e s  from these planetar ies  which should have inten- 
s i t ies  i n  the range to  watts/cm2. Ionized h e l i m  abundances 
and cent ra l  star temperatures a re  derived for  these planetaries.  
improved estimates a re  given of the expected thermal bremsstrahlung radio 
emission from these nebulae, assuming tha t  they a re  opt ica l ly  th in  t o  radio 
radiation; comparison with radio observations indicates  generally satis- 
factory agreement with these calculations. 
Also, 
I. INTRODUCTION 
Applying the b a s i c  theory developed i n  t h e  previous paper ( D e l m e r ,  
Gould, and Ramsay 1967, he re ina f t e r  r e f e r r e d  t o  as "I"; we shall a l s o  
refer t o  equations t h e r e i n  as, f o r  example, (1-14)), we now proceed t o  
estimate the i n t e n s i t i e s  of l i n e s  i n  the  i n f r a r e d  spec t r a  of some of  the 
b r i g h t e r  p l ane ta r i e s .  We have chosen as sub jec t s  the  p lane tary  nebulae 
NGC 7027, I C  418, NGC 6572, NGC 6543, NGC 7662, NGC 7009, NGC 6826, NGC 
6210, and NGC 6720. These p l ane ta r i e s ,  i n  the  order  given, have t h e  
largest absolu te  HB fluxes after co r rec t ion  f o r  i n t e r s t e l l a r  ex t inc t ion ,  
and were chosen from the l i s t  given by Osterbrock (1964). 
from t h i s  l i s t  only the l'small'l p lane ta r i e s  subtending ha l f -angles  of l e s s  
than about  10 seconds of a r c ;  t h e  more extended ob jec t s  would not  l i e  
completely wi th in  the receptance cone of l a r g e  te lescopes .  
concentrated on eleven l i n e s  ( see  Tablg3,k)from t h e  nine spec ies  0 I V ,  
Ne 11, Ne V, Mg IV,  S 111, S I V ,  A 111, A V, and A V I .  Once t h e  parameters 
of the nebulae, t he  e l e c t r o n  dezal ty  ~znd temperature, are determined, t h e  
i n f r a r e d  l i n e  i n t e n s i t i e s  can be found from knowledge of t h e  ion iza t ion  condi- 
t i o n s  and from a measurement of the absolu te  i n t e n s i t y  of  some l i n e ,  f o r  
example, HB. The c e n t r a l  problem i n  the  ca l cu la t ion  of t he  i n f r a r e d  l i n e  
spec t r a  i s  that of es t imat ing  ion iza t ion  condi t ions i n  the  p lane tary .  This 
i s  very d i f f i c u l t  f o r  most elements, s i n c e  usua l ly  they  exist i n  seve ra l  
stages of ion iza t ion ,  and i n  some s t ages  the re  a r e  no low l y i n g  o p t i c a l  
l e v e l s  and s o  no observable forbidden o p t i c a l  l i n e s .  However, i n  some cases  
an i o n  may 'have both low ly ing  o p t i c a l  l e v e l s  and ground state f i n e  s t r u c t u r e  
s p l i t t i n g ;  i n  this  case t h e  i n f r a r e d  l i n e  i n t e n s i t y  from t r a n s i t i o n s  between 
t h e  f i n e  s t r u c t u r e  l e v e l s  may be estimated d i r e c t l y  from t h e  o p t i c a l  l i n e  
We have chosen 
We have a l s o  
I - 2 -  
I 
i n t e n s i t y  from the  same ion. I n  general, however, semi-theoretical  calcula- 
t ions  of ionizat ion conditions a r e  very d i f f i c u l t  and thus must be regarded 
as only rough estimates.  
s i t ies  i n  some cases must be regarded as only order of  magnitude estimates.  
However, our purpose i n  t h i s  work i s  - not  t o  pred ic t  accurate values o f  the  
i n t e n s i t i e s  but t o  give estimates t o  be used as a guide f o r  fu ture  observa- 
t i o n a l  work. We emphasize that it i s  the observational r e s u l t s  which will be 
of g r e a t e s t  value f o r  the  information they contain on element abundances. We 
hope that our t h e o r e t i c a l  work w i l l  serve as a useful  guide i n  the  in te rpre ta -  
t i o n  of the observations. 
For t h i s  reason our predicted inf ra red  l i n e  inten-  
I n  the following sect ion (11) w e  shall ind ica te  the  sources of o p t i c a l  
data  on planetary nebulae and give our assumed parameters of t h e  planetary 
such as the e lec t ron  densi ty  and temperature. We s h a l l  a l s o  give t h e  r e s u l t s  
of our determinations of  the helium abundances and a l s o  our determinations of 
the temperatures of the c e n t r a l  stars of the p lane tar ies .  I n  sect ion I11 we 
discuss  e s s e n t i a l l y  our b a s i s  f o r  estimating absolute l i n e  i n t e n s i t i e s  from 
various p lane tar ies ;  t h i s  i s  the data on absolute f l u x  measurements of XB. 
We a l s o  give improved estimates of the  radio thermal bremsstrahlung continuum 
f luxes expected i n  the  o p t i c a l l y  t h i n  regions of the  radio spectra.  The 
r e s u l t s  of our calculat ions of the d e t a i l e d  i n f r a r e d  spectra  a r e  given i n  
the last sect ion ( I V ) .  A s  we shall show, there  a r e  a number of d i f f e r e n t  
l i n e s  from a number of planetar ies  which should have i n t e n s i t i e s  i n  the  
range t o  Watt/cm . Present observations can de tec t  s igna ls  
of about 0.5 x W/cm2, while improved techniques could allow detect ion 
of s igna ls  as low as 
2 
w/cm2. 
- 3 -  
11. OPTICAL DATA AND PARAMETERS OF PLANETARIES 
we l i s t  i n  Table 1, f o r  the planetar ies  under consideration, some 
important refzreEees f o r  spectroscopic o p t i c a l  l i n e  i n t e n s i t y  data; most 
of t h i s  work has been done by A l l e r  and h i s  collaborators.  We make use of 
this data in making estimates of the ionizat ion conditions i n  the p lane tar ies .  
This data, along with determinations of the absolute HB fluxes (see  Table 2 )  
allow estimates of the  i n t e n s i t i e s  of the inf ra red  l i n e s .  I n  Table 1 we a l s o  
l i s t  values of the e lec t ron  d e n s i t y  and temperature adopted i n  our calcula- 
t ions ;  these were taken from works by A l l e r  (1956, 1964) and Seaton (1960). 
I n  some cases more accurate  values of n and Te could be derived from 
the  more recent o p t i c a l  data. 
e 
However, f o r  our rough estimates o f . t h e  
expected inf ra red  l i n e  i n t e n s i t i e s  precise  knowledge of these quant i t ies  i s  
not  required i n  most cases.  
Also l i s t e d  i n  Table 1 a r e  the derived abundances of ionized helium 
r e l a t i v e  t o  ionized hydrogen (actually,  t h e  r a t i o  of the mean abundances 
wigkite2 by the  e lec t ron  density,  see I).  These quant i t ies  were computed 
from equation (1-14) using the measured l i n e  i n t e n s i t i e s .  The derived abun- 
dances quoted were determined, i n  the individual  cases, from the  spectro- 
scopic data as given i n  the  source l i s t e d  first i n  Table 1; that is, f o r  
NGC 7027 the  helium abundances were dervied from the  data of ABW while f o r  
I C  418 the  O'D data  were used, etc.  In making these  choices of (hopefully) 
the  b e s t  source of data  we were guided by the  measured values of  Hb/H@ and 
H e 1  4026/h 4471 which, according t o  theory, should be 0.26 and 0.46 
respect ively a t  T = lo4 OK. These l i n e  i n t e n s i t y  r a t i o s  should be very 
weakly dependent on electron temperatures and f o r  these r e l a t i v e  helium 
abundance calculat ions we have taken T = 10 K throughout. By comparison, 
e 
4 0  
e 
- 4 -  
the  average of the values for t h e  adopted data sources i s  0.24 and 0.50 
respectidely,  i n  good agreement w i t h  theory, considering the  uncertaint ies  
of measurements and approximations i n  the  theory. 
mining t h e  t o t a l  (weighted) helium abundance i s  complicated by the  f a c t  
The problem i n  de te r -  
that we have no way of measuring the amount of neut ra l  helium. 
e x c i t a t i o n  p lane tar ies  l i k e  I C  418 the proportion of neut ra l  helium should 
be appreciable while i n  high exci ta t ion p lane tar ies  l i k e  NGC 7027 and NGC 
7662 the amount of neut ra l  helium i n  the ionized regions should be small. 
I n  low 
One might argue t h a t  t o  evaluate the mean t o t a l  helium abundance i n  plane- 
taries one should take p r e f e r e n t i a l l y  the  higher t o t a l  ionized helium values, 
s ince,  f o r  these presumably the amount of neut ra l  helium i s  small. 
such value i n  Table 1 i s  0.19 f o r  NGC 6543. However, as we have emphasized, 
one r e a l l y  determines the r a t i o  of t h e  abundances integrated over the  volume 
of the ionized region and weighted by t h e  e lec t ron  density.  
t h e  helium abundance were exact ly  t h e  same i n  each planetary, systematic 
dens i ty  f luc tua t ions  would r e s u l t  I n  apparent differences i n  the  t o t a l  ionized 
helium abundance derived from the recombination spectra.  in fact, f o r  some 
plane tar ies  such as NGC 7027 it is general ly  believed t h a t  there  do e x i s t  
considerable dens i ty  f luctuat ions.  
Table 1 we shall assume a t o t a l  (neutral ,  s ing ly  and doubly ionized) helium 
t o  ionized hydrogen r a t i o  of  0.18 f o r  a l l  p lane tar ies .  This hypothesis allows 
us t o  estimate t h e  f r a c t i o n  of neut ra l  helium i n  each planetary, which i n  t u r n  
allows estimates of  ionizat ion r a t i o s  i n  o ther  elements. 
The l a r g e s t  
Thus, even i f  
On the  basis of the  data  summarized i n  
For i t s  g r e a t  importance we have a l s o  evaluated the  ionized helium abun- 
dance i n  the  planetary nebula ~ 6 4 8  i n  the globular c l u s t e r  Ml5. The impor- 
tance of t h i s  planetary l ies  i n  the f a c t  t h a t ,  being a 'rhalo" object,  i t s  
element abundance may be representative of primordial  matter. Using the l i n e  
- 5 -  
i n t e n s i t y  measurements of O'Dell, Peimbert, and Kinman (1964), we f i n d  
(n e n He+ )/ hen& ) = 0.147, and (ne%e+2 >/ b e n p  ) < 0.025. 
the  helium abundance i n  t h i s  planetary i s  "normal" i n  s t r i k i n g  contrast  t o  
It appears that 
the  oxygen t o  hydrogen abundance r a t i o  which i s  down from the  s o l a r  value 
by a f a c t o r  of 60. It i s  c l e a r  t h a t  t h i s  r e s u l t  has bearing on the recent 
determinations of the helium abundance i n  the atmospheres of halo horizontal  
branch stars by Sargent and Searle  (1966). 
Ffnally, i n  Table 1 we give the r e s u l t s  of our determinations of the  
temperatures of the  c e n t r a l  stars of the  p lane tar ies .  These r e s u l t s  are 
derived from the  ionized helium t o  hydrogen r a t i o s ,  that is, e s s e n t i a l l y  
from the measured i n t e n s i t i e s  of Ha, He1 A4471, and H e I I  a 8 6  (see eq. (1-14)). 
The temperatures, are derived from the bas ic  r e l a t i o n s  (1-16) and (1-17). 
good measures of the He+2 abundances from the HeII A4686 l i n e  were avai lable ,  
When 
t h i s  densi ty  r e l a t i v e  t o  hydrogen was used t o  determine the  temperature 
s ince  t h i s  r a t i o  has a strong dependence on 
t u r e s  were determined from measures of  the He  abundances. We should emphasize 
that t h e  temperatures derived i n  t h i s  manner are not dependent on the  magnitude 
of the dens i ty  f luc tua t ions  i n  the planetary.  
both the  t o t a l  recombination rate and t o t a l  rate of  production of the  associated 
To, 
To. In other  cases the  tempera- 
+ 
-
This i s  so e s s e n t i a l l y  because 
recombination l i n e s  involves the  same type i n t e g r a l  over the volume of the  
ionized region of the planetary.  We compare our r e s u l t s  f o r  To with those 
of Harmon and Seaton and of O'Dell; comparison of our bas ic  methods i s  given 
i n  I. 
disagree by a f a c t o r  of two with the value derived by O'Dell f o r  NGC 7662. 
Disagreement with the  Harmon-Seaton r e s u l t s  i s  never very large,  but  we 
W e  
feel  our value i s  more reasonable, i n  view of the f a c t  t h a t  t h i s  nebula i s  
known t o  be a high exc i ta t ion  object.  Moreover, we f e e l  that O'Dell's deter -  
minations may be i n  e r r o r  due t o  a numerical mistake i n  the  bas ic  equation (4)  
- 6 -  
of h i s  paper. We were unable t o  reproduce the derived value of the constant 
term i n  t h i s  equation. The equation i s  d e f i n i t e l y  inconsis tent  with h i s  
equation (2)  with the  value of the constant therein.  
111. I O N I Z A T I O N  MEASURE 
I n  t h e  low densi ty  l i m i t  where c o l l i s i o n a l  de-excitation i s  negl igible ,  
the  observed i n t e n s i t y  of both. c o l l i s i o n a l l y  exci ted l i n e s  and l i n e s  r e s u l t -  
ing  from radia t ive  capture and cascade i s  given by an expression of the form 
- ' I  fi  
. 
here 7~ i s  t h e  i n t e r s t e l l a r  and atmospheric absorption o p t i c a l  depth, d 
i s  the dis tance t o  the  planetary,  n n. E e l  
cm3 f o r  the l i n e  (c f .  eq. (I-ll)), and t h e  i n t e g r a l  i s  over the ionized volume 
i s  the  energy production rate per  
of t h e  nebula. I n  t h e  case of c o l l i s i o n a l  e x c i t a t i o n  n i s  the  densi ty  of 
the  ion from which t h e  l i n e  i s  emitted; when the l i n e  r e s u l t s  from radia t ive  
i 
recombination, n i s  the  dens i ty  o f  the recombining ion .  It i s  c l e a r  t'nat, 
given the abundance of the ion r e l a t i v e  t o  hydrogen, the l i n e  i n t e n s i t y  i s  
determined e s s e n t i a l l y  by t h e  amount of ion iza t ion  
i 
i f  the  atomic rate constant E A  is  known. The quant i ty  I/d2 can be computed 
from observational data i n  two ways; (1) from measurement of the absolute  
f l u x  and (2)  from measurement of the radio thermal bremsstrahlung from the 
nebula. 
s tellar ext inct ion,  while method (2)  requires  a correct ion i f  the nebula i s  
not o p t i c a l l y  t h i n  t o  radio radiation; method (2)  a l s o  requires a correct ion 
HB 
Each method has a drawback; method (1) requires  correct ion f o r  i n t e r -  
- 7 -  
f o r  the  contribution o f  ionized helium t o  the thermal bremsstrahlung. We 
have chosen t o  employ method (1) using absolute H P  fluxes, corrected f o r  
i n t e r s t e l l a r  ext inct ion (Osterbrock 1964). However, we s h a l l  a l s o  make some 
comparison with the radio measurements. 
As we have shown i n  I (eq. (I- l l)) ,  f o r  HB emission the temperature 
dependence of the parameter EB i s  
where A i s  a constant (0.449 x c.g.s. un i t s )  and Be = IH/kTe . This 
simple form (3) i s  very useful, and represents the temperature dependence of 
H$ 
nebulae. We have employed this equation, using the  electron temperatures 
given i n  Table 1 and the observed corrected HB fluxes, t o  determine essen- 
t i a l l y  the  quantity I/d*. 
B 
emission very well  i n  t he  temperature range corresponding t o  planetary 
The problem of estimating the  ion abundance 
ni/np involves procedures d i f fe r ing  i n  detai l  f o r  the d i f f e ren t  planetary 
nebulae. iie shall Cscusr; some individual cases i n  the following section. 
For the  case of an opt ica l ly  t h i n  nebula there  i s  a very simple re la t ion-  
ship between the  in t ens i ty  of the radio thermal bremsstrahlung spec t r a l  con- 
2 tinuum F 
of t he  HB l i ne ,  corrected f o r  i n t e r s t e l l a r  ext inct ion.  Using the Born approxi- 
mation bremsstrahlung cross section t o  calculate the spec t r a l  radio emission 
from 
finds,  i n  c.g.s. units,  
( i n  ergs/cm2-sec-Hz) and the t o t a l  i n t e n s i t y  I H B  ( i n  ergs/cm -sec), 
B, v 
+ + e-H , e, He , and e-He+2 encounters (c f .  Tucker and Gould 1966) one 
- 8 -  
where av = 2kTe/Tf MV with & r = 0.5772 ( E u l e r ' s  constant);  i t  has 
been assumed that t h e r e  are no large temperature var ia t ions  i n  the nebula. 
The magnitude of t h e  terms i n  parentheses i n  equation (4)  may be found f o r  
the individual  planetary from measurements of hellam tc hyc?roger. l i n e  
i n t e n s i t y  r a t i o s ,  using equations (1-14). Thus, from a knowledge of the  
absolute  H@ f l u x  IHB from the  planetary and from measurements of H e 1  
and He11 recombination l i n e  i n t e n s i t i e s  r e l a t i v e  t o  
expected i n t e n s i t y  of  the r&dio continuum; t h i s  has been done by Osterbrock 
HB one can compute the 
(1964). We have repeated h s calculat ions,  making use of our equation (4); 
it should be noted that, si ce 
temperature of our  calculai; d r a t i o  (4) i s  very weak. 
a,, , Be >> 1 , the  dependence on e lec t ron  9 
Our calculat ions Q 
should be somewhat mre acc rate than Osterbrock's, due e s s e n t i a l l y  t o  use 
of our accurate  expression ( 3 )  f o r  HB emission and our more accurate i n -  
clusion of the  e f f e c t  of iod ized  helium. 
these calculat ions,  using the absolute HB f luxes  given by Osterbrock 
( loc .  c i t . )  and the  data i n  Table 1. Our F 
i
We give i n  Table 2 t h e  r e s u l t s  of  
i s  calculated f o r  V = 3000 MHz 
B, v 
which i s  tine highest  
of p lane tar ies ;  it i s  
a t  t h i s  freqrency and calculat ions of Osterbrock a t  1400 MHz. The 
st vMch there i s  extensive mdio obsemrations 
with t h e  observations (Menon and Terzian 1965) 
I 
d i f ference i n  the  ca lcu la ted  values due t o  t h e  d i f f e r e n t  frequencies adopted 
amounts t o  only about 5th (exact  dependence as i n  eq. (4), 
lower a t  higher f requencies) .  
l a r g e r  than Osterbrock's and always l a r g e r  than the  observat ional  value. 
t h e  observational value 
assumed that t h e  nebula, i s  o p t i c a l l y  th in ,  and some of t h e  radiat ion,  even a t  
such high frequencies, .s being absorbed i n  t h e  nebula. I n  f a c t ,  from t h e  
frequency p l o t s  of d a t a  a t  750, 1410, and 3000 MHz by Menon and Terzian it i s  
FB s l i g h t l y  
We see that our calculated value i s  always 
, 
That 
are lower should c e r t a i n l y  be the case, s ince we have i 
I 
c l e a r  t h a t  some of the  nebulae a r e  not o p t i c a l l y  t h i n  a t  3000 MHz. 
f i c a l l y ,  NGC 7027, I C  418, and NGC 6572 d e f i n i t e l y  do not appear t o  have 
spec t ra  charac te r i s t ic  o f  o p t i c a l l y  t h i n  objects,  so it i s  not surpr i s ing  
that the  observational F i s  smliei* t h n  t he  calculated value. More- 
over, the observation o f  NGC 6543 a t  3000 MHz seems suspect when compared 
with the  observations a t  lower frequencies. 
t h e  l a r g e  discrepancies i n  Table 2 between calculat ions and observations. 
On the o ther  hand, f o r  NGC 6720 radio observations indicate  t h a t  t h e  nebula 
i s  o p t i c a l l y  t h i n  and we a l s o  see from Table 2 t h a t  our calculated radio 
i n t e n s i t y  at  3000 MKz agrees wel l  with t h e  observed value. In  summary, it 
appears that the general  radio observations of thermal bremsstrahlung from 
plane tar ies  can be understood on the b a s i s  o f  the observed o p t i c a l  recombina- 
t i o n  spectra .  Undoubtedly, fur ther  information on the  s t ruc ture  of plane- 
taries not o p t i c a l l y  t h i n  t o  radio rad ia t ion  may be gained from more de ta i led  
ana lys i s  of t h i s  data;  t h i s  i s  not the subject  of t h i s  paper, however. 
Speci- -
B,v 
Thus, one can account f o r  a l l  
IV.  CALCULATED SPECTRA 
a)  Atmospheric Transmission 
The transmission of the  atmospheric gases i n  the  inf ra red  region i s  a 
d i f f i c u l t  problem t o  treat theore t ica l ly  because the  photon absorption takes 
place within the qui te  complex vibrat ion - r o t a t i o n  bands of ( p r i n c i p a l l y )  
water vapor and CO and (less importantly) NO2, 0 and CH4. Only experi-  
mental r e s u l t s  are r e l i a b l e  a t  present f o r  quant i ta t ive work; furthermore, 
the experimental absorption values themselves may be e a s i l y  contaminated by 
the presence of dust  or by a non-uniform d i s t r i b u t i o n  of water vapor; i n  
addition, the  t y p i c a l l y  extreme jaggedness of measured absorption curves 
suggests that measurements a t  a given wavelength may be qui te  dependent on 
2 3' 
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badwidth.  Therefore, it i s  not surprising t h a t  experimental r e s u l t s  are 
sometimes conflicting; examples of these conf l i c t s  are discussed below. It 
seems, real ly ,  that there  i s  no subs t i tu te  - a t  present f o r  an independent 
ca l ib ra t ion  of in f ra red  trammission f o r  each experiment; sach a cal ibrat ion,  
involving f i t t i n g  t h e  observed moon i-r spectrum t o  a black-body model, i s  
described i n  Sinton and Strong (1960). 
our b e s t  estimates, derived from various experiments, of the  atmospheric 
It may be helpful,  however, t o  give 
transmission T f o r  t he  infrared l i nes  we consider. 
of T calculated from the  r e l a t ion  
Table 3 gives the  values 
where CY and B are constants, and w i s  the amount of  prec ip i tab le  water 
i n  the atmospheric path: w = water (pr.mm) M 10 a t  the  zenith. 
a and pare taken from the  various sources as given below. 
The values of 
4.492P and 4.525P: Gates and Harrop, 1963. The CY value i s  t h a t  
which they define as "continuous" absorption, the  B i s  t h e i r  f i t  of the 
"select ive" absorption data  t o  the "strong random band model". 
paper f o r  a discussion).  
(See t h e i r  
7.893~: Gates and Harrop again, but  t h i s  time t h e i r  bes t  f i t  i s  t o  B = 0 
and a e q u a l  t o  a continuous plus se lec t ive  absorption. This i s  the  weak random 
band model, i n  t h i s  approximation, of  course, Lambert's Law of exponential 
absorption. 
8.990, 10.53, and 1 2 . 8 ~ :  Anthony (1952). Here absorption i s  small and 
the exponential l a w  should hold. 
the "continuous" absorption i n  Gates and Harrop and do not agree with these; 
agreement with Bignell  e t  al .  (1963) i s  good. 
the  1 2 . 8 ~  l ine ,  not t r ea t ed  by Gates and Harrop, i s  l a rge r  i n  Bignell  e t  al. 
Anthony's experimental point, however, i s  r i g h t  a t  our l i ne ,  a d i s t inc t ion  
The two smaller wavelengths are dominated by 
The absorption i n  the region of 
-
which may be important. 
- 11 - 
. 
13.114: Nrmer and Key (1965)  give values f o r  t h i s  region of the 
spectrum. However, they admit that a l l  t h e i r  transmissions a t  these wave- 
lengths may be low, so t h a t  we have adopted t h e i r  13.114 t o  12.814 r a t i o  and 
then scaled an a using Anthony's q2.8. (Their absorption curves 
shapes are smaller fo r  these two, CO 
at 13.114.) 
13.1 
absorption not yet  being very la rge  2 
18.6814: interpolated from Anthony (1952). This i s  again a smaller 
absorption than  Bignell  e t  a l .  or Farmer and Key. 
21.8414, 24.214, 25.8714: Farmer and Key have a near monopoly on data  
here, and t h e i r  s ingle  points  a r e  (very t en ta t ive ly )  f i t t e d  t o  a strong- 
random band model ( su i tab le  t o  high absorption regions).  There i s  the  
addi t iona l  d i f f i c u l t y  here t h a t  t h e i r  spectra  t racings show our two 
longest  l i n e s  very near b ig  absorption peaks, s o  that small Doppler s h i f t s  
or a widening of bands with increase of water vapor m y  grea t ly  change the  
transmission value. 
b )  Infrared Line Spectra 
Table 4 l i s t s  the  calculated values of  the  l i n e  i n t e n s i t i e s  f o r  tine 
nine p lane tar ies  considered here. Line i n t e n s i t i e s  are l i s t e d  only when 
t h e i r  estimated values exceed W/cm2. The f i r s t  column gives the  
atmospheric transmission a t  the  wavelength of the  l i ne ,  i .e.  the f ac to r  
by which the  tabulated i n t e n s i t i e s  must be multiplied t o  give the expected 
f o r  w = 10 pr.mm, ____ _.- _. _-- 
x' 
i n t e n s i t i e s  a t  a ground based observation point.  Parentheses ind ica te  
i n t e n s i t y  values which nay be off by a large f ac to r  (sometimes exceeding 30). 
Such la rge  e r ro r s  would be due t o  uncer taint ies  i n  the  determination of the 
abundance of the radiat ing ion (see Introduction).  
I n  cases where the infrared l i n e  i n t e n s i t i e s  can be estimated from 
op t i ca l  observations of forbidden l i n e s  of the  same ion, the values should 
- 12 - 
be accurate,  s ince such observations give a measure of the abundance of the 
i o n  i n  a region of low enough electron densi ty  t o  allow forbidden l i n e  emission. 
I n  contrast ,  recombination l i n e s  may not be a measure of the  abundance of ions 
capable of forbidden l l n e  emission. Indeed A l l e r  (1964) comments that f o r  NGC 
6572 p a r t  of the  0 l i n e  i n t e n s i t i e s  used i n  h i s  calculat ions of the  0 abundance 
may not  or ig ina te  e n t i r e l y  i n  t h e  nebula, but may come from t h e  c e n t r a l  star. 
+2 The f e w  ions which emit both inf ra red  and o p t i c a l  forbidden rad ia t ion  are S 
Ne+4, A+2, A+4 and observational data are not always ava i lab le  f o r  these. 
i n  many cases, another, less accurate method must be used. The o ther  method 
(giving rise t o  the  values of Table 4 l i s t e d  i n  parentheses) i s  one of compari- 
son of the  r e l a t i v e  abundance of ions of one element with the  known r e l a t i v e  
i o n i c  abundance of another element (here e i t h e r  0 o r  He)  using equations (1-1) 
and (1-6). and 0+2 abun- 
dances can be got ten from t h e i r  forbidden l i n e  radiat ion;  i n  some cases, A l l e r  
(1964) has computed the  ion ic  abundances of 0. Once comparison gives the  rela- 
t i v e  i o n i c  abundances of an  element, the  ion ic  abundance can be f ixed  e i t h e r  by 
f i x i n g  tine abm-ze of o m  ion from i t s  forbidden l i n e  emission, or ,  i n  the 
case where there  a r e  PO observations of forbidden l i n e s ,  by assuming a t o t a l  
abundance f o r  t h e  element. 
used. 
, 
Thus, 
+ The i o n i c  abundances of He are l i s t e d  i n  Table 1; 0 
I n  the la t ter  case Aller's (1964) abundances were 
The ion ic  abundance i s  then used t o  determine t h e  i n t e n s i t y .  
+4 For the calculat ion of r e l a t i v e  abundances of ions l i k e  Sf2, A+2, and A 
from o p t i c a l  forbidden l i n e  data it i s  necessary t o  know the relevant  atomic 
c o l l i s i o n  s t rengths .  As yet ,  calculat ions for  3pq configuration have only 
been done f o r  S by Seaton (1958). We have estimated the c o l l i s i o n  s t rengths  
f o r  o ther  ions X'& : 3pq by comparison with the n ' s  f o r  t h e  corresponding 
ion Y'& : 2pq i n  t h e  2pq configuration. 
+ 
That is ,  we take 
Q(x+& : 3P9) ~ qY+& : 2pq) 
qo+ : 2p3) qs+ : 3P3> 
, 
- 13 - 
+& using the  r e s u l t s  of Seaton's ( loc.  c i t . )  calculat ions f o r  S+, G+, and Y . 
I n  the  second method comparisons can be made i n  severa l  ways. For example, 
+ 
consider t h e  problem of determining t h e  i o n i c  abundance of N e  i n  I C  418. 
Low (unpublished) has observed a flux of about iG w/cn I I w I y  y I - y  plane- -16 7 - 1  Q-mm +hic  
t a r y  near l3P. 
emission. From comparison with Ot/O++ derived from forbidden l i n e s ,  one g e t s  
This has been in te rpre ted  earlier (Gould 1966) as Ne I1 
o +  o +  Ne+/Ne++ % 5. Similarly,  from a comparison with He /He one g e t s  Ne /Ne x . 3  
ind ica t ing  Ne i s  mostly s ing ly  ionized. Using Aller's t o t a l  Ne abundance and 
this latter r a t i o ,  one then ge ts  the  i n t e n s i t y  l i s t e d  i n  Table 1 which agrees 
w i t h  t h e  observations. However, i f  one uses t h e  observed Ne111 abundance as 
derived from a,n observed forbidden l i n e ,  one g e t s  an  i n t e n s i t y  which i s  100 
times less ( t h i s  would also indicate N e  t o  be underabundant by a f a c t o r  of 
100). This r e s u l t  probably a r i s e s  from a combination of inaccuracies i n  the  
atomic constants used i n  the  calculat ion (mainly photoionization cross sec t ions)  
and deviation f r o m  the  simple homogeneous model assumed f o r  a l l  the  p lane tar ies .  
Realizing t h e  p o s s i b i l i t y  of such l a r g e  e r r o r s ,  the  l i n e  i n t e n s i t i e s  were 
calculated keeping i n  mind t h a t  nei ther  l a r g e  deviations f m m  t h e  zxersge abun- 
dances are t o  be expected, nor are deviations from the  exc i ta t ion  of the plane- 
t a r y  as indicated by t h e  temperature of the c e n t r a l  stars t o  be expected. Thus 
one would expect less Ne than Ne+ i n  the  low exc i ta t ion  planetary I C  418. 
S imi la r ly  one would expect l e s s  s+++ than S* i n  NGC 6210 even though corn- 
parison with Ott/O+ w o a d  suggest t h e  contrary. There was i n  t h i s  case no 
o ther  reasonable means of computing the i o n i c  abundance of 
tenc ies  lead one t o  expect a large e r r o r  i n  some cases. 
than one method of calculat ion m s  avai lable ,  t h e  most ' reasonable '  value was 
selected.  
++ 
S. Such inconsis- 
However, whenever more 
Finally,  a p l o t  of the  inf ra red  spectrum of NGC 7027 i n  the region of 
- 14 - 
s 
t he  forbidden l i n e  emission i s  shown i n  Figure 1. The p lo t  demonstrates 
how t h e  l i n e s  stand out  above the  Bremsstrahlung continuum. Note that f o r  
t h i s  planetary the backgroundbshould be observable,as indicated by Ste in  
(1967). 
cont i nuurn 
\ 
For the  purposes of plot t ing,  the l i n e  shapes were assumed t o  be 
f l a t  over a b p p l e r  width corresponding t o  
l i n e  p ro f i l e s  i n  planetar ies  by Osterbrock, miie~(1966)  indica tes  that 
t h i s  i s  a reasonable broadening t o  expect. 
2 35 km/sec. 
_and Weedman) 
The study of 
We have benefi ted from conversations with F. J. Low, W. G. Mathews, 
a d  W. A. Stein.  This work was supported i n  p a r t  by the  National Science 
Foundation and i n  p a r t  by NASA through Grant NsG-357. 
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8 
Nebula 
NGC 7027 
IC 418 
NGC 6572 
NGC 6543 
NGC 7662 
NGC 7009 
NGC 6826 
NGC 6210 
NGC 6720 
Table 2. RADIO C0NTI"UM EMISSION FROM PLANETARIES 
1% I*$ 
( ergs /  an2-  s ec  
(Osterbrock 1964) 
- 8.78 
- 9.06 
- 9.22 
- 9-32 
- 9.56 
- 9.66 
- 9.68 
- 9-76 
- 9-91 
Obs., G 3 O O O  MHz 
(Menon and Terzian 
196 5 1 
6.2 
1.6 
1 .0  
0.9 
0.9" 
0.8 
0.55* 
F13, v 
2 W/m - Hz) 
WC., k3000 MHZ 
( this work) 
9.1 
4.8 
2.5 
2.0 
1.4 
0.99 
0.86 
0.74 
0.57 
Calc., ~=1400 MHz 
(Osterbrock 1964) 
6.2 
392 
2.2 
1.8 
1.0 
0.8 
0.8 
0.6 
0.4 
. *  
ext rapola ted  from lower frequencies .  
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0 
Table 3. ATMOSPHERIC ABSORPTION PARAMETERS 
Transition 
(ion: J~' J ~ )  
1 3  M IV: - '-
Q 2 2  
A VI: F 3 1  'F 
A V :  2'1 
A 111: 1 '2 
s IV: 5 3 1  'F 
NeII: 2 1+; 
A V :  1'0 
s 111: 2 ' 1 
A 111: 0 ' 1 
NeV: 1 ' 0 
3 1  
2 0 IV: 5 + -  
h 
(microns ) 
4.492 
4.525 
7.893 
8 990 
10.53 
12.8 
13.1 
18.68 
21.8 
24.2 
25.87 
0.012 
0.012 
0.12 
0.0067 
0.0064 
0.012 
0.11 
0.096 
0 
0 
0 
0.79 
0.71 
0 
0 
0 
0 
0 
0 
1.2 
0.85 
1.2 
T for 
w=10 pr mm. 
0.07 
0. og 
0.30 
0.94 
0.94 
0.89 
0.33 
0.38 
0.02 
0.07 
0.02 
- 18 - 
. 
0 vcu 
O b  
av3 
E- 
VCU 
0 0  at- 
. 
n 
. .  
c u d c u m  
0 0 0 0  
n I I I I t 
c u o  d d d d  
3 
w w v w  w w  
n r l  
ni 0 
n I b d ? O "  O 0 ? n  d d o r l d d o d  
In 
t 
t- o m  -rl- In 
O 0 I  d d  I r l n  I I d r l d d  I 
n 
r l -  o m  
n r l y c u t -  
1 I I I I d d  
w. w 
cu 
n rl o r l  
I I I I I d 0 0  I m l  W 
n n n 
8 ? 6 S % & o , , m o  c u - f m o c n  
d o d d d d d o o d d  
0 0  M c u c o 3  
0 
I 
ri 
P 
.. 
& 
d 
I 
cu 
H 
H 
H 
m 
.. 
cu 
I 
rl 
H 
H 
H 
.. 
4 
0 
I 
rl 
P 
4 
.. 
rl 
I 
cu 
P 
4 
.. 
Icu 
1 
.. 
!2 
4 - 19 - 
Aller, L. H. 1956, Gaseous Nebulae (New York: John Wiley). 
1964, P.A.S.P., 279. 
Aller, L. HI, Bowen, I. S., and Minkowski, R. 1955, Ap. J., l a  62. 
Aller, L. H., Bowen, I. S., and Wilson, 0. C. 1963, Ap. J., 1 3  1013. 
Aller, L. H. and Kaler, J. B. 1964a, Ap. J., 1 3  1074. 
196413, ibid. ,  1% 621. 
1964c, ibid. ,  1% 936. 
Aller, L. H. and Walker, M. F. 1965, Ap. J., 1 s  1318. 
Anthony, R. 1952, Phys. Rev., 8 2  674. 
Bignell, K., Saiedy, F., and Sheppard, P. A. 1963, J. Opt. SOC. Amer., 466. 
Delmer, T. N., Gould, R. J. and Ramsay, W. 1967, Ap. J., (previous paper). 
Farmer, C. B. and Key, P. J. 1965, Applied Optics, $ 1051. 
Gates, D. M. and Harrop, W. J. 1963, Applied Optics, 3 887. 
Gould, R. J. 1966, Ap. J., l& 603. 
Harmon, R. J. and Seaton, M. J. 1966, M. M., 1 s  15. 
Lil ler ,  W. and Aller, L. H. 1963, Proc. N a t .  Acad. Sci., 4t 675. 
Menon, T. K. and Terzian, Y. 1965, Ap. J., 141, 745. 
Minkowski, R. and Aller, L. H. 1956, Ap. J., 1% 93. 
O'Dell, C. R. 1963a, Ap. J., 1 s  1018. 
2' ib id  p. 67. 
O'Dell, C. R., Peimbert, M., and Kinman, T. D. 1964, Ap. J., 1& 119. 
Osterbrock, D. E. 1964, Ann. Rev. Astron. and Astrophys., 3 95. 
Osterbrock, D. E., Miller, S. J., and Weedman, D. W. 1966, Ap. J., 1 s  697. 
Sargent, W. L. W. and Searle, L. 1966, Ap. J., 1% 652. 
1960, Rept. Prog. Phys., 2& 313. 
- 20 - 
0 
Seaton, M. J. 1958, Rev. Mod. Phys., 
Sinton, W. M. and Strong, J. 1960, Ap. J., l& 459. 
Ste in ,  W. A. 1967, Ap. J. (in pres s ) .  
Tucker, W. H. and Gould, R. J. 1966, 
979. 
Ap. J., l& 244. 
- 21 - 
FIGURE CAPTIONS 
Fig. 1. Computed l i n e  spectrum of NGC 7027 plo t ted  along with the thermal 
bremsstrahlung continuum. Line w i C t h s  vere computed assuming a 
simple rectangular l i n e  shape over wavelengths corresponding t o  
Doppler s h i f t s  over hv = 35 km/sec. 
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